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Se l f - s imi l a r  solutions of  the  axisym met r ic  problem of ro ta t ion of a 
l inear  v iscoplas t ic  m e d i u m  were found in [ i ,  2]. This paper presents 

the solut ion of the se l f - s imi la r  problem of the flow with heat  trans- 

fer of a hea t - conduc t ing  viscoplasr ic  m e d i u m  for which the shear 

stress is a function of the shear strain ra te  and temperature .  
An in f in i t e ly  long cy l inder  of smal l  radius r0 rotates in an in-  

f in i te  m e d i u m  i n i t i a l l y  a t  rest with constant  i n i t i a l  t empe ra tue  To. 

There is a heat  flow through the surface of the cyl inder  such that  

the quant i ty  of hea t  withdrawn by the cy l inder  in uni t  t i m e  per unit  

length is constant  and equal  to Om At inf in i ty  the m e d i u m  remains  

at rest and has the t empera ture  T~. The flow and propagat ion of hea t  

in the m e d i u m  are described without a l lowance  for dissipat ion by 

the system of equations 

ov oq~ (o~v_  ~ ov @ )  off) OT r 
P W - - a s  \0r~ 7 Or + +-Ofi-O-r-r + 2 - - ' ~  - = 0 '  

at - - ~ \ W ~  - +  ~ or/=~ r  % - , ~ - 0  

= - -  ~ + ~ -  (~0, To = const), 

where v is the ve loc i ty ,  T is tempera ture ,  t is t ime ,  p is densi ty,  

a ~ is the the rma l  diffusivi ty  of the med ium,  and @ is a function re-  

lazing the shear srre_.~s to tile shear s t ra in  raze and temperature .  

The i n i t i a l  and boundary condit ions are 

T( r ,  0) = To, lira ( - -  2~roX ~--Tr ) = Qo, 
r ~ O  

lira T (r, t) = To, 

0v 
v (r, 0) = 0, lira v(r, t) ~ 0 ,  lira ~ = 0 ,  

r ~ o ~  v ~ c c  

[ - d i g p  a \  l l ira L-~ t ~  -to o] + 2Uro-Off) = Mot. 
ro~*0 

(2) 

(3) 

(4) 

Condit ion (4) is the l aw of mot ion  of the cy l inder ,  co is the an-  

gular  ve loc i ty ,  and Mot is the appl ied  moment .  We introduce 

r0 (0) and r (0 ,7)  SO that  

r  ~)l, , ( 0 ,  0 ) = 0 ,  

0 = T/To, y ----- ~[eo . (~) 

It can  be shown that  the solut ion of problem ( 1 ) - ( 4 )  has the 

form 

T = T o 0 ( [ ) ,  v =  aeot U' u(~), [ =  r/2 a I f t  -. 

Here, the dimensionless  0(g) and u(g) are found from the system 

of equat ions 

O~ ( d ~ u  t du ~ )  O~ dO T 

/ du \ _d'to dO _ "go + p!,~ ~ - -  ~ ) -  z ~ - ~ - y  = , , ,  (6) 

In tegra t ion  of Eq. (7) with boundary condit ions corresponding to 

(2) 

l ira 0 = t ,  lira (~dO/d~) = - - 2 @  Q = Qo/4n~To, 

gives the t empera ture  f ie ld  

0 ( ~ ) = l - - q  Ei(--~-~), 

~e 
~ z  

E i ( - - z ) = - -  - - z - d z < O  for 0 < z < o o .  
z 

(s) 

Now the problem reduces to f inding the solut ion of system (6). We 

introduce the function F from (5): y = F(r,O). This makes  i t  pos- 
s ib le  to reduce (6) to the form 

d'~ -~ d~o d0 ~o 
o) + -~- -~-  + 2 -~ -  = o, 

d u / d ~ - -  u /~-} -  2F (~, 0) = 0 . 

We wi l l  inves t iga te  Eq. (9) for cool ing of the m e d i u m  by the 

cy l inder  (Q < 0); the  corresponding case of hea t ing  is eas i ly  obtained.  

Through each  point  on the  p iano gT in the region g -> 0, r -> 0, de -  
t e rmined  by the condi t ions of the  problem,  tkere  passes one and 

only one in tegra l  curve  of Eq. (9), excep t  for two singular  points 

loca ted  in an in f in i t e ly  r emote  par t  of the p l ane  on the coordinate  

axes. In the case of a nonzero y ie ld  stress r0(O) a l l  the curves in- 

tersect  the g axis at  f in i te  points a t  a ce r t a in  angle ,  none of the 

in tegra l  curves leaves the f in i te  part  of the p lane  in the d i rec t ion  

of the s ingular  point  (% 0). At r0(0) ~- 0 a l l  the  curves tend to that  

point ;  the point  (0, 0) is a s ingular  point  of the saddle type, the axes 

= 0, r = 0 are in tegra l  curves. It is impor tan t  to study the be -  

havior  of the solut ion for the c o m m o n  e x p e r i m e n t a l  case r0 (0) = 

= B exp ( - - x 0 0 ) a n d  F(r,  0) increas ing  at  l a rge  r as F(r,  0 ) =  
- A exp (x i0)  ~-N ( x 0 , ~  > 0, N > J . ) ;henceforth we wi l l  assume that  

B ~ 0. The behavior  of the in tegral  curves near the r axis depends 

impor t an t ly  on the parameters  of the equat ion.  According to the 

va lues  of the  parameters  we can  dist inguish the fol lowing two essen-  

t i a l l y  different  cases of distr ibution of the integral  curves. 

1. The case 1 + ~r Q -> 0. 

The in tegra l  curves can  a l l  be divided into two classes. The 

curves be long ing  to the first class have  v e r t i c a l  asymptotes.  If N < 

< 2 -- ~ l Q  the second class consists of a bundle  of mono ton ica l ly  

decreas ing curves, which as g'-~ 0 behave  as follows: 

= E~ -~ + o (~-~), E > 0 .  

The curve  ~ separa t ing  these classes goes to in f in i ty  as ~-->0, 

so that  

- -  xlO 
,~ = D ~  -~' + o (~-"'), v l  = 2 N ------'T-' 

I 2 - - •  O b - - l k  
D i =  2 ( N - - l )  A p  ~ •  

( b = 0 . 5 7 7 2 . . . ) .  

(9) 

( lo)  

(11) 

(12) 

t du u \ 2p~oa 2 
-r = .-2- ( -  p =  "-V)' ~ 

d-'0 ( i ,, dO (7) 

However,  if  N >- 2 -- x i Q ,  there is no second class and a l l  the 

curves be long to the first class. 

2. The ease 1 + x0Q < 0. 

Again  there are two classes. The in teg ra l  curves of the first class 
behave  in the same way as the corresponding curves in the first 
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case. The curves of the second class begin at finite points on the 
g axis, increase with increase in g, pass through a max imum ,  and 
then decrease. For the separating curve f2, which goes to infinity 
as g"~ 0, we have either relation (12) when --N%0Q < 1 -- ~oQ - ~iQ 

o r  

I - -  xoQ - -  • 
"~ = D ~  -v' q- o (~-~"), v~ = 2 N ' 

Tv- J '  (13) 

w h e n - N ~ o Q  > l - x ~ Q -  noQ. 
The field of integral curves is shown in Fig. 1. 

, , /+~o&O ', ', /+eeo#.O 

Fig. 1 

We will now consider the possibilities of satisfying boundary con-  
ditions (3) and (4). Conditions (3) require that 

lira ~ = 0 ,  lira u = 0  as g - - * 0 .  

tt is easy to see that the first condition is satisfied for all the 
integral curves. Each of them can be made  to correspond with u(g) 
by integrating (10). In this case it is possible to satisfy the second 
of conditions (14) 

(~4) 

(~5) 

where g** i s  the point of intersection of the integral curve and the 
axis of abscissas (Fig. 1). 

Turning to (4), we see that it is not satisfied by functions repre- 
sented by integral curves of the first class. In fact, each such curve 
is located in the region g > g* (go is its asymptote). However, the 
assumptiou that part of the medium adjacent to the cylinder moves 
with it as a solid leads to the' necessity of satisfying the condition 

1 lim [-~-p~Su(~)-~'ro(O)@~'~]=M, M = ~ ,  (16) 

which is violated for curves of the first class since T ''~ ~ as g '~  go, 
and all the terms are positive. 

For the f~ curves from (12) and (13) we have 

lira ~ ( x o ( 0 )  q - , ) =  q- oo as g ~ 0 .  

Hence it follows that condition (4), which reduces to the form 

lira [(t/4) p~* F (~, 0) q- ~2zo (0) + ~2z] = M 

as ~ - - , 0  

is not satisfied. For curves of the second class in case (1) we have 

l i m T 0 ( 0 ) ~ - = { B e x p [ - - ~ ~  at l + ~ 0 Q = 0 ,  
~ o  0 at i -~- ~0Q > 0 .  

(1'/) 

Consequently, to each value in the range 0 < M < ~ there cor- 
responds one and only one curve. Each curve of the second class 
gives a unique solution of the problem. 

In case (2) for curves of the second class condition (4) can be 
satisfied only in the form (16). For the integral curve starting from 
some point g. on the g axis, for which (dr /dg)g ,  > 0, from (16) and 
(15) we have 

~*[l "*)'= F (% O) d~ -- M--~~  (18) 

It can be shown that if  M < r~(~0)g02, go 2 = In ( -~0 Q) ,  the equa- 
tion has no solution, since r0(g,)g, 2 > r0(g0)gz0 for any g,. However, 
if 

M > ~:o (~o) ~o z , (19) 

then for any M satisfying this condition there is a unique root g, of 

Eq. (18), and g00 < g, < go, where g~0 is the solution of the equa- 
tion r0(g)g 2 = M. 

In fact, this is proved by the graphs of the functions 

~**(~) 
f ~ M--~'To(~) .r (U ~i: d~, .h (~) = ~, , 

presented in Fig. 2. Thus, in this case to each value of M, bounded 
by condition (19), where corresponds one and only one integral curve 
of Fxl. (9) belonging to the second class and giving a unique solution 
of the problem. Once the stress distribution has been found, the 
velocity field is determined from expression (15). 

Thus, depending on the properties of the medium and the values 
of the external moment  two different types of motion are possible. 
In case (1), which for the given medium corresponds to a relatively 
smal l  cooling rate, flow develops directly at the cylinder at any 
value of the external moment ,  the flow zone increases with time, 
constantly bordering the cylinder, or no region of the medium,  other 
than the cylinder itself, is involved in the motion. In case (2), cor- 
responding to intense heat transfer, flow develops if the external 
moment  exceeds a certain value. A rigid layer, increasing with t ime 

according to the law %(0 = 2ag.q~, is formed on the cylinder. In 
this case the growing cylinder rotates at a constant angular velocity 

co = ~0u(~,)/2~. 

0 ~oo ~, ~o 

Fig. 2 

The solution obtained makes it possible to determine the yield 
point parameters of the medium from the values of the quanti ty of 
heat withdrawn in unit t ime and the applied moment.  Noting the 
value of Q = Q. at which a rigid layer first appears on the cylinder, 
we obtain the parameter  

~r = II Q, . 

Then, measuring the min imu m moment  Mini n capable  of  causing. 
flow under the conditions 1 4- x0Q < 0, we find 

Mmin 
B -- In ( - -  ~oQ) exp [ - -  • Ei ( - -  In ( - -  :4oQ)) q- ~:o]. 
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